To any eld K we associate an entailment relation in the sense of Scott 12]. In this way we can interpret an abstract propositional theory representing a generic valuation ring of a eld, and obtain a simple e ective proof of Dedekind's Prague theorem 5,6].
Introduction
To any eld K we associate a relation`between nite sets of non zero elements of K which satisfy the three conditions of an entailment relation in the sense of Scott 12] , and some further simple conditions. In this way, we can give constructive sense of a generic valuation ring of a eld. Alternatively, this can be seen as a generalisation of the notion of integral element, and this notion can be used to prove that a given element is integral. As an example, we present a simple e ective proof of Dedekind's Prague theorem.
Valuations
Let K be a eld, that is a commutative ring in which any element is 0 or is invertible. We write S the set of invertible elements of K. We denote by A; B; C; : : : arbitrary nite subsets of S and we de ne the following relation on these nite sets: fy 1 ; : : : ; y m g`fx 1 ; : : : ; x n g i there exist q 1 ; : : : ; q n polynomials in Z x ?1 1 ; : : : ; x ?1 n ; y 1 ; : : : ; y m ] such that x ?1 1 q 1 + + x ?1 n q n = 1:
We write A; B for A B and A; x for A fxg. Proof. The condition (R) and (M) are clear from the de nition. The condition (T ) can be seen as an elimination of the variable y, and follows from the Sylvester resultant method. Indeed, to have y 1 ; : : : ; y m`x1 ; : : : ; x n can be restated as the existence of a relation x k 1 1 : : : x kn n = P(x 1 ; : : : ; x n ) where P is a polynomial in Z y 1 ; : : : ; y m ] x 1 ; : : : ; x n ] of degree < (k 1 ; : : : ; k n ) (for the product ordering). If we have both y 1 ; : : : ; y m`x1 ; : : : ; x n ; y and y; y 1 ; : : : ; y m`x1 ; : : : ; x n this implies the existence of two relations: (x k 1 1 : : : x kn n + p l )y l + p l?1 y l?1 + + p 0 = 0 q r y r + + (x t 1 1 : : : x tn n + q 0 ) = 0 where the degree of p l?1 ; : : : ; p 0 are all (k 1 ; : : : ; k n ), the degree of p l is < (k 1 ; : : : ; k n ) and the degree of q r ; : : : ; q 0 are all < (t 1 ; : : : ; t n ). It follows that the resultant of these two polynomials in y will give a witness for y 1 ; : : : ; y mx 1 ; : : : ; x n . In the examples we shall analyse below, we always have l = r = 1. 2 Proposition 2 The relation`satis es the following conditions x; y if xy = x + y (1) x; x ?1 (2) x`?x (3) x; y`xy (4) These conditions are immediately veri ed: for instance the rst condition follows from x ?1 + y ?1 = 1. The importance of this proposition is shown by the following observation, which has also a direct proof.
Proposition 3 The entailment relation`is the least entailment relation on S satisfying the conditions (1); (2); (3) and (4 where A is a \generic" valuation ring of K. Classically, these two assertions are equivalent. We can see that, in our approach, valuation rings appear only as a system of notations for recording the existence of polynomial identities.
We will also write x y instead of yx ?1 . This notation is justi ed since yx ?1 2 A de nes an ordering relation if A is a valuation ring. Lemma 4 We have`x x, and x y; y z`x z, and`x y; y x. This is direct from the proposition 2. This can be interpreted as saying that de nes a total ordering on S.
Let now be u 1 ; : : : ; u n ; w be any elements of S :
Lemma 5 If w = u 1 + + u n then`u 1 w; : : : ; u n w.
Proof. This is witnessed by the identity 0 ; a 1 a 0`b1 a 0 , by b 1 a 0 = b 1 b ?1 2 a 0 a ?1 1 (c 3 ? c 4 b 1 b ?1 2 ),  (ii) C 0 ; a 2 a 0`b1 a 0 , by b 1 a 0 = c 4 a 0 a ?1 2 b 1 b ?1 2 ,  (iii) C 0`b 1 a 0 ; a 1 a 0 ; a 2 which is the same as the one given in 6], and this computation can be done without computers. We nd it interesting that the computations underlying this argument, a priori not e ective, are actually quite feasible in this case.
Notice that this identity is \homogeneous" in the sense that the coe cient p n is a linear combination of monomials c i integer.
Another corollary is the following result, used at the very beginning of Hilbert's \ZahlBericht".
Theorem 8 Let f and g be polynomials in one indeterminate whose coefcients are algebraic numbers. If all coe cients of fg are divisible by some algebraic integer, integers, then the product of any coe cient of f with any coe cient of g is divisible by this algebraic number.
4 Related Work
Theory of Locale
We can present in the framework of entailment relations another example of a space associated to an algebraic structure, namely the spectrum of an arbitrary commutative ring R. It will be the entailment relation on R such that y 1 ; : : : ; y m`x1 ; : : : ; x n i the product y 1 : : : y m is in the product of the radical ideal generated by x 1 ; : : : ; x n . Intuitively`x means x 2 P where P is the complement of a generic prime ideal on R. This theory has been analysed from the point of view of the theory of locales: see 7{9] and 1]. We indicate now some connections with the present work.
First, any entailment relation de nes canonically a distributive lattice and hence a spectral space (see 2] for the details). Let R be an integral ring, and K its eld of fraction, and as before S the set of invertible elements of K. We can associate to R two entailment relations, each of them de ning a distributive lattice: { its spectrum Sp(R), { the abstract Riemann surface X(R) 4] which can be de ned as the entailment relation on S such that y 1 ; : : : ; y m`x1 ; : : : ; x n i there exists q 1 ; : : : ; q n polynomials in R x ?1 i ; y j ] such that x ?1 1 q 1 + + x ?1 n q n = 1. 
